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Understanding Chemical Reactions
beyond Transition-State Theory

Jeremy O. Richardson*

Abstract: Transition-state theory is one of the most successful theories in chemistry. Not only does it provide a
simple formula for computing the rate of a reaction but it defines our understanding of how a chemical reaction
occurs – by overcoming an energy barrier. However, the theory is based on classical assumptions and ignores
several quantum effects which can be important for certain reactions, particularly those involving hydrogen
transfer at low temperatures. We are developing a more general quantum version of transition-state theory which
reveals how quantum tunnelling and nonadiabatic effects can strongly affect the rate.
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1. Introduction

The role of theoretical chemistry is
to provide understanding of fundamental
chemical processes. With a thorough un-
derstanding of molecular systems, scien-
tists are able to explain experimental ob-
servations, make accurate predictions of
the behaviour of new systems, and hence
design them to have certain properties of
interest.

In the majority of cases, it is not neces-
sary for theories to predict exact quantita-
tive results. More important is that numeri-
cal results have the correct order of mag-
nitude and follow the correct trends. Often
the simplest theory which can do this is
preferred as this leads to better understand-
ing, and thus valid approximations can be
made as long as the dominant process is
still treated accurately enough.

One of the most fundamental concepts
in chemistry is that of the chemical reac-
tion. The simplest description of this pro-
cess can be obtained from the Arrhenius
equation. The idea goes back to the discov-
ery of Arrhenius[1] that for many chemical
reactions, the rate, k, depends on tempera-
ture in the following way:

k = A e−βEa (1)

where E
a
is the activation energy for the

reaction, β = (k
B
T)−1 is the inverse tempera-

ture, and A is a molecule-specific prefac-
tor. This is an extraordinarily success-
ful theory as it allows us to describe the
complex process of a chemical reaction in
such simple terms. Because the same equa-
tion also defines the rate for a particle to
surpass a barrier, we can use this idea to
equivalently describe a chemical reaction.
By increasing the temperature, the particle

acquires more energy and is more likely
to overcome the barrier; thus the rate in-
creases. Alternatively the rate can also in-
crease if a catalyst is employed to reduce
the barrier. This equation is therefore at the
heart of our understanding of a wide range
of chemical reactions. It explains why we
heat reactions to make them faster and how
enzymes can control biochemistry.

Nonetheless, Arrhenius’ equation was
obtainedbyhypothesis backedupby exper-
imental observations but was not derived
from first principles. It could not therefore
explain how the activation energy depends
on the specific molecules under consider-
ation or determine when certain chemical
reactions might deviate from this behav-
iour. Since the advent of quantum me-
chanics, the underlying theory describing
the behaviour of molecules is completely
known.[2] Schrödinger’s equation gives
one representation for the laws of quantum
mechanics by describing the dynamics of
a molecule as a time-dependent wave in a
high-dimensional space. These equations
are unfortunately practically impossible to
solve for all but the smallest molecules and
even then present results in a form which is
difficult to interpret. One does not want to
artificially reduce the number of degrees of
freedom as this approach cannot account
for the complexity of chemistry, whereby
the molecular properties can be dramati-
cally changed with only a small variation
in the functional groups. It is thus neces-
sary to make certain approximations in or-
der to explain molecular behaviour. When
new theories are based solely on rigorous
approximations to quantum mechanics, as
opposed to using phenomenological obser-
vations, it is termed an ab initio method.

Transition-state theory (TST) is a re-
markably successful ab initio method for
determining the rate of a chemical reaction.
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one is preferred – the one with the smallest
S. This may not always be the mechanism
with the lowest barrier, as due to tunnel-
ling effects the rate through a tall, narrow
barrier can be faster than that over a short,
wide barrier.[12]

In order to apply the method to predict
rates and mechanisms of chemical reac-
tions, it is necessary to obtain the tunnel-
ling pathway in multidimensional space.
Atoms exist in a three-dimensional space
and therefore a molecule of N atoms has
3N degrees of freedom.We have developed
the ring-polymer instanton method[13] for
locating the optimal tunnelling pathway
in many dimensions using a discretiza-
tion of the path and by locating stationary
points of S. The potential energy along the
pathway is evaluated explicitly and not fit
to any predetermined shape or based on
a Taylor expansion about the transition
state. Although in the instanton method
the modes perpendicular to the pathway
are treated within a harmonic approxima-
tion, they are not ignored and do at least
contribute with a zero-point energy effect.
This makes the instanton method the state-
of-the-art approach for computing reaction
rates in polyatomic systems exhibiting tun-
nelling effects.

As a simple example to a polyatomic
chemical reaction, we applied the method
to compute the rate of the benchmark gas-
phase reaction H + CH

4
→ H

2
+ CH

3
. The

mechanism is shown in Fig. 2. We were
able to take advantage of high-accuracy
on-the-fly potential-energy surface calcu-
lations[14] and our results suggest that the
major source of error typically comes from
the electronic-structure calculation of the
potential rather than from the instanton ap-
proximation. Therefore it will usually be

nary and that therefore particles tunnelling
through barriers can be considered to be
moving in imaginary time.[7]

Starting from the exact definition for
the rate of a chemical reaction,[8] and by
carefully following through a mathemati-
cal derivation based on taking semiclassi-
cal approximations,[9] we arrive at the fol-
lowing approximation:

k = A e−S/h̄ (2)

This formula relates the rate to the
‘action’, S, along the optimal tunnelling
pathway known as an ‘instanton’.[7,10,11]
The instanton is an orbit with periodic-
ity of imaginary time βh̄ and is repre-
sented by the red line in Fig. 1. The action
can be defined as S=W+ h̄βE where
W=

� �
2m[V (x)− E] dx is an in-

tegral around the orbit. The prefactor, A,
is determined by fluctuations of the action
around the instanton.

At high temperatures, the period is
short and the tunnelling pathway skims
the top of the barrier giving S= βh̄V ‡ .
In this case the classical TST formula, Eqn.
(1), is recovered, which shows that tunnel-
ling is not important at high temperatures.
However, at low temperatures, the domi-
nant pathway exists as an orbit at energy
less than the barrier height, i.e. E < V‡,
which implies a tunnelling process. Then
S < βh̄V ‡, and the rate deviates signifi-
cantly from the TST prediction and can of-
ten be orders of magnitude faster. In this
way the instanton approach predicts rate
constants along with their mechanisms.
In certain cases there is a competition
between different mechanisms and the
instanton approach is able to justify why

Eyring,[3a] Evans and Polyani[3b] derived a
formula equivalent to Eqn. (1). They show
that the activation energy is given by the
energy difference between a transition
state and the reactants and that the prefac-
tor, A, is dominated by quantum zero-point
energy contributions. Not only does TST
provide us with a numerical method for
obtaining the rate of a chemical reaction
based on a limited knowledge of the poten-
tial-energy surface, but even more impor-
tantly, it provides us with an understanding
of how chemical reactions take place. The
activation energy has an enthalpic contri-
bution due to the breaking of bonds as well
as an entropic contribution associated with
conformational changes necessary for the
atoms to rearrange.

As noted byWigner,[4] TST is based on
classical assumptions rather than the true
dynamics of atoms and molecules and sev-
eral quantum effects are ignored. These in-
clude tunnelling and nonadiabatic effects,
which for certain reactions can dominate
the process. It is not possible to reintroduce
the quantum effects back into classical
TST in a simple way because all degrees of
freedom are coupled together.[5] Therefore
if we are to understand how these chemi-
cal reactions proceed, then a more general
formulation of rate theory is needed.

A major theme of our research is the
derivation of new theories to predict the
rate of a chemical reaction without ignor-
ing these quantum effects. We search for
a good compromise, to obtain as much
accuracy as possible, while retaining the
simplicity of the TST approach. As well as
giving a computationally feasible numeri-
cal method, this has the advantage of giv-
ing a simpler theory which is much easier
to interpret.

2. Quantum Tunnelling

One of the most important effects ne-
glected by TST is quantum tunnelling. It
is well known that tunnelling plays a role
in many reactions,[6] especially where hy-
drogen is involved, which being so light
strongly manifests its quantum nature.
Tunnelling is an essentially non-classical
process in which a particle can cross a bar-
rier even if its energy is lower that that of
the barrier height. This process is repre-
sented in Fig. 1.

Although no classical trajectory exists
which tunnels, the quantum dynamics of
the particle can be approximated using so-
called ‘semiclassical’ trajectories. Using
the equation, E = p2/2m + V(x), one can
see that if the particle energy, E, is lower
than the potential energy, V(x), then the
kinetic energy term, p2/2m, must be nega-
tive. Because the mass, m, is positive, this
implies that the momentum, p, is imagi-

x‡

E
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E
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“reactants” “products”
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x

Fig. 1. Representation of a tunnelling process described by a semiclassical trajectory (blue/red
line). Configurations, x, on the left of the potential-energy barrier, V(x), are defined as ‘reactants’
and configurations on the right are ‘products’. Because the total energy, E, is less than the barrier
height, V‡, the trajectory is required to pass through a classically-forbidden region marked in red.
In this region the trajectory travels in imaginary time.
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reactions include electron transfers,[27]
proton-coupled electron transfers[28] and
photoexcited internal conversion.

Chemical reactions involving electron
transfer occur in many different environ-
ments, from redox reactions to photosyn-
thesis and the harvesting of light in solar
cells.[29] In these reactions, an electron is
transferred from a donor to an acceptor;
these entities can be anything from small
solvated ions[30] to large protein complex-
es.[31] Thus there are at least two important
electronic states involved in the reaction
and typically the Born-Oppenheimer ap-
proximation breaks down, making it nec-
essary to consider nonadiabatic dynamics
in order to describe and predict the rate of
the process.

The simplest electron-transfer re-
actions are commonly described using
Marcus theory.[29] Like TST, Marcus the-
ory neglects tunnelling effects and most
quantum-mechanical extensions are only
valid for a spin-boson model of the pro-
cess.[32] We have developed an instanton
theory for describing electron-transfer
reactions including these quantum ef-
fects in a more general multidimensional
anharmonic environment.[33] Its form is
given again by Eqn. (2). Here the nuclei
travel along an optimal tunnelling pathway
which is partly on the reactant potential-
energy surface and partly on the product
surface. The electron-transfer process oc-
curs simultaneously with the nuclear tun-
nelling event. The rate thus depends not
only on the height and width of the bar-
rier but also on the coupling between the
reactant and product electronic states. In
the high-temperature limit, the instanton
reduces to the classical rate and to Marcus
theory when the system has the form of the
spin-boson model.

Only simple numerical algorithms in-
cluding a saddle-point optimization are re-
quired to apply the method in practice and
it is therefore computationally inexpen-
sive. Recent work applied both classical
and semiclassical methods to an asymmet-

and the formic acid dimer.[20] Our study of
the water hexamer prism[21b] shows clearly
that it would not have been possible to
know the tunnelling pathways a priori
as they lie far from the minimum-energy
paths and as shown in Fig. 3 unexpect-
edly allow two hydrogen bonds to break
simultaneously. The predictions were in
line with the experimental spectroscopy
measurements[21] and explain the observed
doublet-of-triplet splitting patterns. The
greatest advantage of the instanton ap-
proach to studying tunnelling effects is
its scalability. Applying the method itself
has a negligible computational cost even
for large systems and the only expensive
part is the evaluation of the potential-en-
ergy surface. This of course dominates the
computational expense for most molecular
simulation techniques including classical
or path-integral molecular dynamics. Due
to advancements in computational power,
these are now commonly applied with an
on-the-fly evaluation of the forces, typi-
cally using density functional theory.[22,23]
However, the optimization of the instanton
will typically require far fewer evaluations
of the potential-energy surface than other
simulation techniques which require a sta-
tistically large number of samples.We thus
expect the instanton methodology to also
make an impact on the study of tunnelling
processes in the condensed phase.[24–26] In
particular we intend to continue to study
the rearrangement dynamics of hydrogen-
bond networks in large systems including
water clusters adsorbed on surfaces and ice
crystals.

3. Nonadiabatic Effects

Ourunderstandingofmanychemicalre-
actions is based on the Born-Oppenheimer
approximation, which implies that the dy-
namics proceeds on a single adiabatic po-
tential-energy surface.[4] Deviations from
this behaviour are known as nonadiabatic
effects. Typical examples of nonadiabatic

better to use the efficient instanton method
on an accurate surface rather than more
computationally time-consuming quantum
dynamics on a less-accurate but cheaper
potential-energy surface.

It is also possible to extend the ap-
proach to compute a microcanonical re-
action rate.[15] A simple and accurate mi-
crocanonical instanton theory will be of
particular importance for simulating the
complex reaction networks which occur in
atmospheric chemistry. In these systems,
thermal equilibrium is often not achieved
due to low pressure conditions and the ex-
istence of reactions with pre-reactive com-
plexes,[16] and thus energy-dependent uni-
molecular rates are needed in simulations.

It is well known that tunnelling can
be important for the formation and dis-
sociation of molecules in the atmosphere
and there already are experiments show-
ing strong tunnelling effects in a number
of atmospheric and astrochemical reac-
tions.[17,18] A reliable theoretical method
is required to elucidate the mechanism for
these processes and make predictions for
the rate of each step in a complex reaction
network, which is hard to study experi-
mentally. The microcanonical instanton
method provides an efficient and accurate
approach for computing these rate con-
stants from first principles and we intend
to apply it to simulate the experimental
findings and test the conclusions. The need
for this theory is even more extreme in as-
trochemistry where the molecules tend to
be found at even lower temperatures and
pressures. The same methodology can be
applied to reactions of relevance to this
field. Accurate rate constants are needed
for modelling the chemistry in the earth’s
atmosphere as well as in space. By includ-
ing tunnelling effects correctly into these
models, we hope to obtain a better under-
standing of the earth’s climate and of inter-
stellar chemistry.

We have also used instanton theory to
study the hydrogen-bond dynamics of mo-
lecular clusters including water clusters[19]

Fig. 2. Representation of the ring-polymer
instanton describing proton tunnelling in the
H + CH4 reaction at 200 K. All atoms take part
to some extent in the tunnelling process and
become delocalized as they pass through the
potential barrier. Reproduced from ref. [14].
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Fig. 3. The optimal tunnelling pathway calculated for the water hexamer prism (left) showing con-
certed hydrogen-bond breaking. The instanton method predicts the correct splitting pattern (a
doublet of triplets, middle) as observed in experiment (right).
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ric system-bath model with anharmonic
free-energy curves in order to explore the
behaviour of the rates of various approach-
es with respect to both anharmonicity and
tunnelling.[34] It was found that in certain
cases the rate predicted by the standard
Marcus theory was in error by orders of
magnitude but that the instanton approach
was in error by no more than 1%.

Anharmonic effects cannot be de-
scribed by methods based on the spin-bo-
son model which effectively uses a global
harmonic approximation to map the sys-
tem onto a set of harmonic oscillators. In
contrast, the instanton approach locates
the optimal tunnelling pathway on the full
potential-energy surface but then uses a
local harmonic approximation round this
configuration to obtain the fluctuation fac-
tor. This can be a valid approximation for
gas-phase or solid systems but is not di-
rectly applicable to liquid systems, which
comprise some of the most interesting and
relevant examples of electron transfer. The
reason for this is that many different but
similar transition states exist correspond-
ing to minor rearrangements of the outer
solvation sphere and therefore even a local
harmonic approximation breaks down. A
more general method would be required to
study such systems which samples the dif-
ferent instantons and makes no harmonic
approximations. A currently running proj-
ect in our group is concerned with gener-
alizing this instanton approach to obtain a
path-integral sampling method which can
be used to study solvated electron transfer.

In other projects we are developing new
approaches for simulation of nonadiabatic
dynamics based on classical trajectories in
an extended space allowing them to move
between potential-energy surfaces.[35] This
will be used to describe photoexcited reac-
tions and spectroscopy.[36] Using a combi-


